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Abstract—Distributions of the temperature—pressure gradient correlations are obtained from measured

budgets of the longitudinal and lateral heat fluxes in the self-preserving region of a slightly heated turbulent

plane jet into still air. These correlations are consistent with a model which includes only the turbulence

interaction contribution to the pressure fluctuations. The comparison between model and experiment is not

affected by the choice of time scale in the model. Terms whose gradients form the major contribution to

diffusion in the budgets for heat fluxes and the temperature variance are only qualitatively consistent with
gradient-type models.

INTRODUCTION

IN THE LAST few years, increased attention (e.g. refs.
[1-5]) has been given to second-order models for
scalar transport in laboratory turbulent shear flows.
Although the models should in general be able to deal
with variations in fluid properties, most of the models
have concentrated on flows where the scalar is passive
and does not therefore influence the dynamics of the
flow. Second-order models can be tackled at various
levels of complexity. A scheme that is gaining in
popularity includes transport equations for the heat
fluxes, the temperature variance and the dissipation
or destruction of the temperature variance (e.g. refs.
[1,4,6,7,8]).

In this paper models for several terms in
approximations for transport equations of u0,v8 and 8%
are compared with measurements obtained in a slightly
heated plane jet into still air. The primary emphasis is
on the experimental budgets of the longitudinal and
lateral heat fluxes and on the pressure-temperature
gradient correlations derived by difference from these
budgets. Experimental budgets for the same flow of §Z
and (0/0x)* were published earlier [9, 10]. The budget
of 87 [9] demonstrated that satisfactory closure could
be obtained provided that all components of the
destruction N were included. The measured budget of
N is not yet within your grasp and models for terms in
the transport equations for N have been proposed
without the benefit of experiment.

TRANSPORT EQUATIONS FOR THE
SCALAR FIELD

Equations for the heat flux vector, the temperature
variance 07 and the square of the temperature gradient
(proportional to the temperature destruction) were
written by Corrsin [117. It is sufficient here to write
approximations, relevant to the present flow, to these
coupled equations.

The transport equation for the longitudinal heat flux

ud is given by
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where I, I1, ITI:IV can be interpreted as the advection,
production, diffusion and destruction terms respec-
tively (the Roman numerals retain this interpretation
in equations that follow).

Transport equations for the lateral heat flux v# and
for 8%/2 are approximated by
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The transport equation for N, the destruction of 82/2,
was considered by Corrsin [11] and others (e.g.
[12, 13]). As discussed in [ 10], the majority of the terms
in this equation are not readily amenable to
experimental verification. Although the majority of the
terms in the transport equation for (60/9x)2 have been
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NOMENCLATURE

a stress intensity ratio, iv/q> U,V mean velocities in x- and y-directions
g structure parameter for the thermal [ms™1]

field, v8/(07*?az'/?) v0 average thermometric lateral heat flux
c.d constants in equation (6) [ms 1°C™ 1]
Ci constant in equation (5) X longitudinal or streamwise direction.
d nozzle width [m] with origin at nozzle [m]
L, half-maximum velocity width [m] ¥ in direction of main shear, with origin
N average dissipation of #7%/2, defined as at centre line [m}

4[(06]0x)% +(08]8y)% +(00/02)7], z spanwise direction [m].

[°C*s™ 1]
p kinematic pressure fluctuation

P Greek symbols

[m?s ] o
Pr, turbulent Prandtl number, x mo]ecular‘ thermal d]ff\lelVlty [;n ;S, !

@ (0T/oy) \/U—G(E)U/é‘y) & average dlss'lpatlon' of g?/2 [m* s~ 7]
q7 total turbulent intensity, uZ 4 v2 +w? 1 non-dimensional dlsFance’ VL

P ’ ! 0 temperature fluctuation [*C] :

[m®s™ 7] ) ) 0z temperature variance [*C?] ﬁ
R ratio of d/ynamlc and scalar time v kinematic viscosity [m?s '] .
- scales. 7,/7, . . Ty time scale for dynamic field, q2/2¢ {s]
T n‘jean temperature relative to ambient - /10

el o Ty time scale for thermal fieid, %/2N [s].
u,v,w velocity fluctuations in x-, y- and z-

directions [m s~ 1]
uv average kinematic Reynolds shear Subscripts and other symbols

stress [m? s "] j refers to conditions at nozzle exit
uf average thermometric longitudinal 0 refers to conditions at centreline

heat flux [ms™ ' °C~ 1] - denotes conventional time average. ;

determined experimentally [10], it is premature to use
these results for modelling the equation for N. Models
that have been proposed for this equation will not be
considered here.

Stationarity of the flow and order of magnitude
arguments, based on the boundary-layer approxima-
tion and sufficiently large values of the Reynolds and
Péclet numbers, were used to neglect terms that do not
appear in equations (1)~3). These transport equations
together with the transport equation for N and that for
the mean temperature
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provide a reasonably complete description of the scalar
field, once the velocity field is calculated.

EXPERIMENTAL DETAILS

A detailed account of the experimental arrangement
is given in [9]. Since hot wire/cold wire teckniques
required for the measurement of terms in equations (1)~
(3) have been described in [9], only a brief summary of
the experimental arrangement is given here with
emphasis on experimental conditions.

The plane jet issues from a nozzle of width d =
12.7 mm and height 250 mm. Two confining horizontal
plates (width ~ 700 mm, length ~ 1100 mm) are

located at the top and bottom of the nozzle to help
maintain the two-dimensionality of the flow. The jet is
heated to a temperature of about 25°C above ambient.
A nominal jet velocity of 9m s ™!, at the nozzle exit, was
used which corresponded to a Reynolds number, based
on d, of about 7600. The boundary layers are laminar at
the nozzle exit with velocity distributions in close
agreement with the Blasius profile.

Approximate self-preservation of the far field jet flow
was established at x/d ~ 20 on the basis of different
types of measurement. These included distributions of
mean velocity, mean temperature, Reynolds stresses,
the temperature variance, heat fluxes and high-order
moments of velocity and temperature fluctuations. All
the results presented in this paper were obtained from
measurements at x/d = 40. At this location, U, the
mean velocity at the centreline, is 3.4 m s~ ! while T, the
corresponding mean temperature, is about 9°C above
ambient and the mean velocity half-width L, is 60 mm.
Streamwise variations of Uy, Ty and L, have been
reported in [9].

As noted in [9], flow reversal was first detected at a
value of n (= y/L,) of about 1. At this location, the
intensity and frequency of flow reversal are small but at
larger values of 7, there is an increase in both these
parameters with a deterioration in the accuracy of
measurement. Goldschmidt et al. [14] indicated that
no flow reversal occurred (in a plane jet into still air) for
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# < 1.6, on the basis of a thermal wake detection
experiment similar to that used in [9]. The wake
detection results of [ 14] do not completely rule out the
possibility of flow reversal but with a small (<4%)
probability of occurrence at smaller values of 5. The
temperature variance §2 was measured with a single
cold wire placed immediately upstream of an x -wire and
with the same cold wire without the x -wire. The first
measurement deviated from the second only when
n 2 1.2, suggesting that the temperature statistics are
unlikely to be affected by flow reversal in the range
0 < n < 1. The x -wire measurements may be in error in
this range due to the velocity vector being occasionally
inclined at angles greater than 45°. A reliable esti-
mate of this error would require independent measure-
ments with either laser or pulsed wire anomometers.
Measurements of terms in equation (3) were obtained
for lateral distances extending to n ~ 1.3 ; accordingly,
terms in equations (1) and (2) are shown up to n ~ 1.3.

BUDGETS OF HEAT FLUXES AND
COMPARISON WITH MODELS

Terms in equations (1) and (2) have been normalised
by multiplying by L,/U3T, and are plotted in Figs. 1
and 2 respectively. Also shown in these figures are
measured distributions of u# and v8. Evaluation of the
terms in equations (1) and (2) was carried out using
the experimentally verified assumption of self-

2 3
2x10 T T
Pr T~ N
}/7/ Y
~ .
-
7/ &DESTRUCTION \\J
Tx 162 - /// "*2 N'g
/ x
7 DIFFUSION ’—Z
=
T I\ . P E
o 7/ ADVECTION >< ak
_5/_ —_ Y o
~Tx 162
PRODUCTION
=2 | {
“2x107g 05 10
n
FiG. 1. Longitudinal heat flux budget. Terms in equation (1)
are multiplied by I,/U3T,, —-—, advection I, —,
production, II; —--—, diffusion III; ——, destruction IV ;

—-~-—,u0/U,T,. (Error bars in this and subsequent figures
indicate estimated rms errors.
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FiG. 2. Lateral heat flux budget. Terms in equation (2) are
multiplied by L /U2 Ty — - --—, v0/U,, T,,. Other symbols are
asin Fig. 1.

preservation. Cubic spline least-square fits to
experimental data for U/U,, T/T,, 0%/T3, iv/U3,
u8/U Ty, v8/U 4Ty, NL,/U (T3 were implemented on a
digital computer. Derivatives with respect to n were
determined by numerical differentiation ; least-square
fits were applied to the estimates for the derivatives.
Terms involving derivatives with respect to x were re-
written using self-preservation so as to involve
derivatives with respect to 5 and the known variation
with respect to x of quantitiessuch as L,, Uyand T;,. The
lateral mean velocity ¥ was calculated from the
continuity equation. Before discussing the 4@ and 20
budgets, it is pertinent to note that the measured
distributions of v8 and uF were found [15] to be in
reasonable agreement with calculations of these
quantities via the mean enthalpy equation (4) and the
mean momentum equations. The largest deviation
between calculation and measurement was of the order
of 13%, at n ~ 0.7.

The diffusion and advection terms in the uf budget
(Fig. 1) have the same sign near the centreline,
qualitatively reflecting the behaviour of advection and
diffusion terms in the budget for 82/2 [9]. At the
centreline, the destruction, determined by difference, is
almost twice as large as the production. Away from the
centreline (1 2 0.4), the diffusion and advection terms
are of opposite sign and approximately equal
magnitude. It follows that the production and
destruction terms are approximately in balance in this
region of the flow, reaching maxima near 5 = 0.8.
Although the diffusion term &(uvf)/dy is significantly
larger than d(u20)/dx [not included in term III of
equation (1)] near the centreline, the production terms
—u?dT/ox and —uBoU/dx are important there
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(n < 0.4) and were consequently retained in equation
(1). For n 2 0.4, the terms — v 6T /8y and — 00 0U /6y
provide the major contribution to production. The
contribution of —uf0dT/6x to the 07 budget,
equation (3), is only important near the centreline
and was not included in [9].

Advection and diffusion terms of the »0 budget
(Fig. 2) are opposite in sign and approximately equal
in magnitude across the jet. Consequently, production
and destruction are in balance everywhere and not
simply in the region # = 0.4, as in the uf budget. The
other major difference between Figs. 1 and 2is the larger
importance, in Fig. 2, of advection and diffusion terms
relative to the production and destruction terms.

The magnitude of the pressure—temperature gradient
correlations in Figs. ! and 2 corroborates previous
experimental evidence, in both laboratory (e.g. [16])
and atmosphericflows(e.g. [17, 18]),for theimportance
of these correlations. General models for the pressure
temperature gradient correlations have included
contributions due to turbulence, the mean rate of strain
and the gravitational field (e.g. [13]). The simplest
model, which includes only the first contributions, can

be written
a0 2¢
pa;: ~c,,,<‘:1_3_>w (Sa)
or
a6 2e
Py = —Cw(q?f>w (5b)

where the ratio gZ/2¢ can be identified as the turbulence
relaxation time t, or lifetime for the energy containing
eddies. The time scale 7, in equations (5a and b) was
interpreted as the ratio of a length scale and a velocity
scale (e.g. g2*/?) in earlier proposals (e.g. Monin [19];
Donaldson et al. [20]) for the pressure-temperature
gradient correlation. Launder [ 13] notes thatitis likely
that the time scale in equations (5) should preferably
contain some weighting from the time scale 1,
(= 0%/2N) of the thermal field. This should be
unnecessary in near-equilibrium conditions for which
74 is expected to be proportional to 7,. The ratio R
(=14/7,) for the present flow increases slightly (Fig. 3)in
the region 0.4 < % < 1.3 where budgets of 40 and v0
exhibit approximate equality between production and
destruction. The magnitude of R is closer, however, to
unity than to about 0.5, the value obtained by Béguier et
al. [21] in several near-equilibrium flows. This
difference will be discussed in the following section.
With the assumption that p 08/0x ~ — 0 8p/dx,* c,y
was estimated (Fig. 4) from the distributions of the
destruction term (Fig. 1) and of 7, (Fig. 3). In the region

*An order of magnitude argument shows that o(pB)/dx is
smaller than either p 08/0x or — & 0p/ox by aratio L/Awhere L
and A are turbulence integral and Taylor microscales,
respectively. This ratio should be of order 10 for the present
Reynolds number.
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F1G. 3. Time scales of the dynamic and scalar fields and their
ratio.

0.4 < 5 € 1.3,¢ypliesintherange 2-2.5 with an average
value of 2.26 (+0.06). The testing of equation (5b)
against experimental distributions resulted in values of
g in the range 1.7-2.3 with an average of about 1.94
(10.06). The agreement between these two estimates of
¢ seems satisfactory given the uncertainty of about
+10% in the LHSs of equations (5a and b). This
agreement is not surprising since, although the ratio
uB/v0is nearly 2 (Fig. 4), p 00/0x (Fig. 1) is nearly twice
aslargeas p 00/0y (Fig. 2). The use of ry or a hybrid time
scale (z,47,)!/? instead of 7, in equation (5a) does not
significantly affect the magnitude of ¢,, (Fig. S). The
average value of ¢4 in the range 0.4 < n < 1.3 isequal
to 2.19 when 14 is used and 2.21 when (t41,)!/? is chosen.
Another form of the pressure-temperature gradient
correlation considered by Launder [ 137] can be written
a0 ud ol
poo=—c=——d - {6}
cx 7, Ty

where ¢ = ¢4+ 2¢1(u%/q% — 1/2) and d = 2a,cy,, With
a, = uv/g2. This formulation is not expected to differ
appreciably from equations (5) in the region of interest
since the ratio u0/v0 is approximately constant (Fig. 4).
A least-squares regression to the experimental data for
0 0p/x, ud,vf and t, yielded values of ¢ |y and ¢’y equal
to 2.63 and —1.15, respectively. Elghobashi and
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Fi;. 4. Ratio of longitudinal and lateral heat fluxes.
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Launder [7] quote values of 2.15 and — 1.6 for ¢;4and
g associated with 7,. Launder [13] already noted that
available values of ¢, are not significantly affected by
the inclusion of the mean rate of strain in the model for
p 08/8x. This result is supported by the present data
since the addition of a strain rate term to the RHS of
equation (6), of the form 0.5 [v0 8U/dy+ub 0U/8x],
resulted in only a 169 decrease in the magnitudes of
both ¢,, and ¢},.

The present magnitude of ¢, regardless of whether
equations (5) or (6) are used, is significantly different
from values of about 4.3 inferred, using equation (5a),
from the measurements of Antonia and Danh [22] in
the outer part of a boundary layer and about 4.8 for
a round jet with a co-flowing stream (Antonia and
Prabhu [16]. Recently, Jones and Musonge [4] used a
value of 1.0 for ¢, estimated from free shear flow data.
Launder [ 13} has already referred to the large variation
in ¢4. All available estimates of ¢, appear to indicate
that a universal value does not exist.

The magnitude of ¢ (4, as obtained from equation{5a),
can be tested by comparing the following two
expressions (Launder {13])

T
W= i G
ay
24
Pro=2c,4a1 = ®

with measured distributions of the lateral heat flux o0
and the turbulent Prandtl number Pr. Equation (7)
assumes equality between production (II) and
dissipation (IV) terms in the v equation (2). Equation
(8) further requires a balance between production and
dissipation of ¢%. The comparison, with ¢, = 2.26,
seems satisfactory in the case of v (Fig. 6). It is also
adequate in the case of Pr, (Fig. 7} in the region where
assumptions for (7) and (8) are approximately satisfied.
The comparison breaks down neat = 0 since these
assumptions are violated in this region.

Triple products whose gradients are interpreted as
the diffusion terms in transport equations for the heat
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F16. 6. Comparison of measured lateral heat flux distribution
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fluxes and the temperature variances are often
modelled using a gradient-diffusion assumption. The
models can be written (ignoring gradients with respect
to x)

b - (W%(MHF%@)) ©

0
) / ‘T-"—
20 2t 3 (v9) (10

8
ofZ = 1:{,:77-5}—;(97), {1y
with 1, defined as 1,/c,,. A comparison between the
measured triple moments and the above models is
shown in Figs. 8-10. Uncertainties in the measured
values of the LHSs of equations (9)«11) are indicated
on these figures. There is fair qualitative agreement in
the cases of uvd and p78 but the models change sign at
larger values of 5 than the experimental data. Fackrell
and Robins’[23] measurements in plumes downstream

10
0.8~

Pry sl
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F1G. 7. Comparison of measured turbulent Prandtl number
distribution with equation (8). O, experiment ; —, equation
(8), cyp = 2.26.
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uvB. O, experiment ; —, experiment (9), ¢, = 2.26.

of point sources in a turbulent boundary layer also
indicated qualitative agreement between measured and
gradient-modelled distributions of ©70. In the case of
v07? (Fig. 10), the model generally underestimates the
magnitude of the measured value although measured
and modelled values change sign at about the same 7.
For comparison, Raupach and Legg [24] found that,
downstream of an elevated line sourceinan equilibrium
turbulent surface layer, equation (11) provided an
adequate model for v02 but neither equation (9) nor (10)
was adequate.
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F1G.9. Comparison of measured and modelled distributions of
v28. O, experiment ; —, equation (10), ¢, = 2.26.

F1G. 10. Comparison of measured and modelled distributions
of vBZ. O, experiment ; —, equation (11), ¢;p = 2.26.

THE TIME SCALE RATIO R

For obvious reasons, in earlier second-order models,
the temperature destruction was simply assumed to be
given by

Ty
R = — = constant.

Ty

A value of 0.5 was suggested [21] for this constant on
the basis of measurements in equilibrium thin shear
flows. The same value was recommended by Pascal
[25] for use in a plane jet into still air but no
experimental data was given to support his recom-
mendation. Spalding [26] chose a value of 0.56 for R to
obtain agreement between his calculation of the
variance 8% and measurements of this quantity in a
round jet into still air. In view of the difference between
the above values of R and its magnitude in the present
flow (Fig. 3), it is pertinent to point out that this
difference is consistent with, for example, the difference
in turbulent Prandtl number between the present flow
and a boundary layer for which a value of about 0.5 for
R appears to be well established. With the assumption
that production and destruction of 87 are ap-
proximately in balance (an assumption which is not
violated in the present budget of 87 at a sufficient
distance from the centreline [9]) it is easy to show that

ay
(a3 Pr)
where a is the structural parameter (00/8%'/? w5 /) first
introduced by Bradshaw and Ferriss [27]. Since the
present values of a, (~0.15) and a, (=~ 0.55), in the
region 0.4 < 5 < 1.3, do not differ appreciably from
those reported in a boundary layer, the difference in the
magnitude of R appears consistent with the smaller
value of the turbulent Prandtl number (= 0.65) in the
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present flow (Browne and Antonia [15]) than in a
boundary layer (~ 0.90). It should be noted that, for the
determination of 7y, N was determined [9] from the sum
of all three of its measured components whereas only
the isotropic value of ¢ or 15v(0u/0x)?, has been used in
the determination of 7,. As the measured value of N is
larger (by about 50%; at = 0) than itsisotropic value of
3u (06/0x)2, the use of an isotropic value would have
resulted in a corresponding larger value of R. It would,
of course, be more appropriate to use the full (non-
isotropic) estimate of ¢ in conjunction with the full value
of N when R isevaluated. An appropriate non-isotropic
estimate of ¢ could be inferred by difference from the
budget of g2. This was not attempted since it would
require the assumption of negligible pressure diffusion
and, perhaps of secondary importance, the correlation
wZv was not measured. However, in the region where
production and dissipation are approximately in
balance for the uff and v8 budgets, the isotropic value of
& was larger by about 10% than the production term
uv dU/dy. This suggests that the present distribution
of R (Fig. 3) would not be significantly changed if the
isotropic estimate of ¢ were replaced by #0U/dy.

CONCLUSIONS

The main contribution of this work may be
summarised as follows:

(1) Measured budgets of longitudinal and lateral heat
fluxes indicate that production and destruction terms
are approximately equal away from the jet centreline.
Although advection and diffusion terms are in balance,
their magnitude is comparable, especially in the 00
budget, to that of production or destruction.

(2) The same time scale yields adequate approxima-
tions for the pressure—temperature gradient corre-
lations in either the ufl or v@ budgets, reflecting the near-
equilibrium conditions for these budgets. The
numerical value of the constant c,, is not significantly
affected by whether a dynamic time scale, a scalar time
scale or the geometric mean of these two time scales is
used since the ratio of dynamic and scalar time scales is
not very different from unity in this flow.

(3) Agreement between gradient-diffusion models
and experimental distributions is, at best, only
qualitative. It is unlikely that satisfactory quantitative
agreement would be achieved by adjusting the
numerical value of the time scale.
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SUR UN MODELE DE TRANSPORT DE CHALEUR POUR UN JET PLAN TURBULENT

Résumé— Des distributions de la corrélation température—gradient de pression sont obtenues a partir des
bilans mesurés de flux de chaleur longitudinaux et latéraux dans la région d’auto-entretien d'un jet plan
turbulent chauffé dans I'air au repos. Ces corrélations sont compatibles avec un modéle qui inclut seulement la
contribution de linteraction de turbulence aux fluctuations de pression. La comparaison entre le modéle et
Iexpérience n’est pas affectée par le choix de I'échelle de temps dans le modéle. Des termes dont les gradients
forment la principale contribution a la diffusion dans les bilans pour les flux de chaleur et la variance de la
température sont seulement qualitativement compatibles avec les modeles de type gradient.

MODELL DES WARMETRANSPORTS IN EINEM TURBULENTEN EBENEN STRAHL

Zusammenfassung—Die Verldufe der Temperatur-Druckgradient-Beziehungen ergaben sich aus der
Messung der Betrige der lings- und quergerichteten Warmestromdichten im selbsterhaltenden Bereich eines
leicht beheizten, turbulenten, ebenen Strahls in ruhender Luft. Diese Bezichungen stimmen mit einem Modell
iiberein, welches nur den RinfluB der turbulenten Wechselwirkung auf die Druckschwankungen
beriicksichtigt. Der Vergleich zwischen Rechenmodell und Experiment wird vom ZeitmaBstab des Modells
nicht beeinfluBt. Terme, deren Gradienten den HaupteinfluB auf die Diffusion (bei den Wérmestromdichten
und Temperaturschwankungen) darstellen, stimmen nur qualitativmit den Modellen vom Gradienten-Typus
iiberein.

O MOJIENTW TEIUJIOMEPEHOCA ISt TYPBYJIEHTHOH TJIOCKON CTPYH

Amnnorauns—Ha ocHoBe mamepennii 6anaHca NPOROTBHOTO H NONEPEYHOTO TyPOYNEHTHBIX NOTOKOB
Teryia w6 W vd B aBTOMONENbLHOH ob6nacTH cinabo HArpeTodl MIOCKOH 3aTOILICHHOM CTpyH MOJy4eHa
ANNPOKCHMAIMA KOPPETSLMK TYIbCAUMH TEMNEPATYpI-TPANMERT Nyibcaimit Aapnenus. Ilonyyensas
aNNPOKCHMALHS COOTBETCTBYET MOIENAM, YHMTHIBAIOIIAM B PacCMaTPHBAEMOH KODPE/SIHH TOJBKO
‘Bo3BpaT X u3oTponuu’. CTemeHb COOTBETCTBHS ANNPOKCHMAIMM OKCICPHMEHTA/IbHBIM JIaHHBIM HE
3aBHCHT OT BBIGOPA XaPAKTEPHOIO BpeMEHHOTO MaciuTaba. YTo KacaeTcs Koppesauni nyabcauuil Aas-
feHHs ¢ NOTOKAMH TEM/A ¥ TYJIbCAUHAMH TEMICPATYDHl, BXOASWAMH B AnGOY3HOHHbIE WiEHSL TO
[IPE/UIOKEHHbIE AMMPOKCHMAIMH JIHILL KA4ECTBEHHO COOTBETCTBYIOT OOBINHO HCMONBIYEMBIM ANNPOK-
CHMALMAM IPaTHEHTHOTO THIIA.



